Abstract. We in this note study a ring theoretic property which unifies Armendariz and IFP. We call this new concept INFP. We first show that idempotents and nilpotents are connected by the Abelian ring property. Next the structure of INFP rings is studied in relation to several sorts of algebraic systems.
INFP rings
Throughout this note every ring is an associative ring with identity unless otherwise stated. Given a ring R, let I(R) and N (R) denote the set of all idempotents and the set of all nilpotent elements in R, respectively. A nilpotent elements is also called a nilpotent simply. Denote the n by n full (resp., upper triangular) matrix ring over R by M at n (R) (resp., U n (R)). Use e ij for the matrix with (i, j)-entry 1 and elsewhere 0. R [x] denotes the polynomial ring with an indeterminate x over R. For f (x) ∈ R[x], let C f (x) denote the set of all coefficients of f (x).
Following the literature, the index of nilpotency of a ∈ N (R) is the least positive integer n such that a n = 0, write i(a) for n. The index of nilpotency of a subset S of R is the supremum of the indices of nilpotency of all nilpotent elements in S, write i(S); and if such a supremum is finite, then S is said to be of bounded index of nilpotency. Define N t (R) = {a ∈ R | i(a) ≤ t}. It is easily shown that N (R) = ∪ ∞ t=1 N t (R), and so if R is of bounded index of nilpotency then N (R) = ∪ n t=1 N t (R) for some n ≥ 1. Lemma 1.1. For a ring R and e ∈ I(R), the following conditions are equivalent:
(1) e is central; (2) ef = f e for every f ∈ I(R); (3) ea = ae for every a ∈ N (R); (4) eb = be for every b ∈ N 2 (R).
Proof.
(1)⇒(2), (1)⇒(3), and (3)⇒(4) are obvious.
(2)⇒(1): Suppose that the condition (2) holds. Let r ∈ R. Consider the element f = e + er(1 − e). Then f 2 = f , so ef = f e and this yields er(1 − e) = 0. Thus er = ere. Next we get re = ere similarly, using (1 − e) + (1 − e)re ∈ I(R). These yield er = re.
(4)⇒(1): Suppose that the condition (4) holds. Let r ∈ R. Since (er(1 − e)) 2 = 0 and ((1 − e)re) 2 = 0, we have er(1 − e) = 0 and (1 − e)re = 0. Thus er = re.
A ring (possibly without identity) is usually called Abelian if every idempotent is central. The following is obtained by Lemma 1.1. Proposition 1.2. For a ring R, the following conditions are equivalent:
(1) R is Abelian; (2) ef = f e for all e, f ∈ I(R); (3) ea = ae for all e ∈ I(R) and a ∈ N (R); (4) eb = be for all e ∈ I(R) and b ∈ N 2 (R).
A ring (possibly without identity) is usually called reduced if it has no nonzero nilpotent elements. Suppose that f (x)g(x) = 0 for f (x), g(x) ∈ R[x] over a reduced ring R (possibly without identity). In this situation, Armendariz [2, Lemma 1] proved that ab = 0 for all a ∈ C f (x) , b ∈ C g(x) . Rege and Chhawchharia [15] called a ring (possibly without identity) Armendariz if it satisfies such property. This shows that reduced rings are Armendariz.
Recall that Armendariz rings are also Abelian by [8, Corollary 8] . We can obtain this fact independently by help of Proposition 1.2 as follows. Proof. Let R be an Armendariz ring and consider e ∈ I(R), b ∈ N 2 (R) (i.e., b 2 = 0). Take polynomials
we have eb(1 − e) = 0, (1 − e)be = 0. This yields eb = be and so R is Abelian by Proposition 1.2.
We now concentrate on a condition, called Insertion-of-Factors-Property (simply IFP) by Bell [3] , between reduced rings and commutative rings. A ring R (possibly without identity) is usually called IFP if ab = 0 implies aRb = 0 for a, b ∈ R. Shin [16] used the term SI for the IFP, while Narbonne [14] used semicommutative in place of the IFP. Reduced rings are simply shown to be IFP. It is also easily checked that every IFP ring is Abelian. Now we consider a condition that
This new concept is clearly a generalization of IFP rings and the following example shows that this generalization is proper. Based on these arguments, a ring R (possibly without identity) will be called Insertionof-Nilpotent-Factors-Property (simply INFP) if acb = 0 for all c ∈ N (R) whenever ab = 0 for a, b ∈ R. Example 1.4. We use the ring in [1, Example 4.8] . Let K be a field and A = K a, b be the free algebra generated by the noncommuting indeterminates a, b over K. Let I be the ideal of A generated by b 2 and set R = A/I. Identify a and b with their images in R for simplicity.
We will show that R is INFP. Let α, β ∈ R\{0} with αβ = 0. We apply the computation in the proof of [10, Theorem 1] . α and β can be rewritten by
where α i , β j ∈ R for i, j ∈ {0, 1} and every sum-factor of α i 's does not end by b and every sum-factor of β j 's does not start by b. Note α 1 bbβ 1 = 0.
From 0 = αβ = α 0 β 0 + α 0 bβ 1 + α 1 bβ 0 , we have α 0 β 0 = 0 and α 0 bβ 1 + α 1 bβ 0 = 0 since α 0 β 0 is not a term of same kind to each of α 0 bβ 1 and α 1 bβ 0 . Thus we have α 0 = 0 or β 0 = 0, entailing
Here assume α 0 = 0. Then β 0 = 0, so β = bβ 1 . But α 0 bβ 1 = 0 implies
Applying this result, we also get that every nilpotent element is of the form brb with r ∈ R. This yields αbrbβ = α 1 bbrbbβ 1 = 0, concluding that R is INFP.
In the following we see connections among INFP, Abelian, and Armendariz. Proof. (1) Let R be an INFP ring and e ∈ I(R), r ∈ R. Then e(1−e) = 0 = (1 − e)e and er(1 − e), (1 − e)re ∈ N (R). Since R is INFP, we have er(1 − e) = eer(1 − e)(1 − e) = 0 and (1 − e)re = (1 − e)(1 − e)ree = 0. These yield er = re.
Another proof of (1): Let e ∈ I(R). Then e(1−e) = 0 = (1−e)e. Since R is INFP, we have ea(1 − e) = 0 and (1 − e)ae = 0 for all a ∈ N (R). These yield ea = ae, so e is central by Lemma 1.1. (1) R is a reduced ring;
Proof. The equivalences of the conditions (1), (2) , and (3) are proved by [ 
On nilpotents of INFP rings
In this section we focus our eyes on the basic property of nilpotents in INFP rings. (2) is an immediate consequence of (1), and (3) is shown by (1) and Proposition 1.5(1).
For an Armendariz ring R, N (R) also forms a subring of R by [1, Corollary 3.3] .
Let K be a field and R 1 , R 2 be K-algebras. R 1 * K R 2 denotes the ring coproduct of R 1 and R 2 (see Antoine [1] and Bergman [4, 5] for details.)
The following theorem can be shown by Proposition 1.5(2), Lemma 2.1, [1, Theorem 4.7] , and [10, Theorem 1]. But we here provide another proof.
Theorem 2.2. Let K be a field and A be a K-algebra. Let C = K[b] be the polynomial ring with an indeterminate b over K, and I be the ideal of C generated by b n for n ≥ 2. Set B = C/I and R = A * K B. Then the following conditions are equivalent:
(1) R is Armendariz; (2) A is a domain and U (A) = K\{0}; (3) R is INFP; (4) N (R) forms a subring of R.
Proof. The equivalence of the conditions (1) and (2) Assume the condition (2) and st = 0 for 0 = s, t ∈ R. Then there exist v, w ∈ R and h, k ≥ 1 s = vb h and t = b k w with h + k ≥ n by the computation in [10, page 5] .
Let r ∈ N (R) and say r g = 0 for some g ≥ 1.
Then we obtain r = b l r b m for some r ∈ R and l, m ≥ 1 with l + m ≥ n, from the equalities rr g−1 = 0 = r g−1 r. Now we have
Observing the contents of Theorem 2.2, one may ask whether R is also INFP if A is a domain and U (A) K\{0}. But the answer is negative as follows. We use the ring in [ This concludes that R is not INFP.
Following Marks [13] , a ring R is called NI if N (R) = N * (R). Every IFP ring is NI through a simple computation, so one may ask whether INFP rings are also NI. But Theorem 2.2 answers this negatively. Let A = K a, b be the free algebra over a field K and I be the ideal of A generated by b . Then R satisfies the condition (2) in Theorem 2.2, and so R is INFP. But R is not NI as can be seen byb ∈ N (R) andāb / ∈ N (R).
